Let E → X be an oriented surface bundle over a closed surface. Then the signature sign(E) is determined by the first Chern class of the flat vector bundle Γ associated to the monodromy homomorphism χ : π 1 (X) → Sp 2h (Z) of E, it is equal to −4 c 1 (Γ ), [X] . The aim of this paper is to give an algebro-topological proof of this formula, i.e., one that does not use the Atiyah-Singer index theorem. 
Introduction
Let E → X be a smooth oriented surface bundle over a surface, more precisely a smooth fibre bundle with fiber S h , an oriented closed surface of genus h, and base X an oriented compact surface with boundary ∂X. Thus the structure group of E is the group G := Diffeo + (S h ) of orientation preserving diffeomorphisms of S h with the usual C ∞ -topology. For h 2 the connected components of G are contractible, so the bundle E is determined by its monodromy homomorphism Composing these two we get a homomorphism χ := σ • ρ : π 1 (X) → Sp 2h (Z). If X has genus g 1, then it is an Eilenberg-MacLane space K(π 1 (X), 1), thus X is a classifying space for its fundamental group. So the singular cohomology of X is canonically isomorphic to the Eilenberg-MacLane cohomology of the group π 1 (X) and χ induces a homomorphism
Now Meyer [5] showed, that the signature of the 4-manifold E can be computed in terms of the Leray spectral sequence of E → X and equals sign(E) = sign(X, ∂X; H 1 (S h ; R)). By cutting the base X into spheres with three boundary components each he also gave an explicit method to compute such signatures sign(X, ∂X; Γ ) for flat symplectic vector bundles Γ in terms of a special cocycle τ h of the symplectic group (cf. Section 2). For the case of a surface bundle considered here, this gives the following formula.
Theorem 1 (Meyer [5, 6] ). Let E → X be a smooth oriented surface bundle over an oriented, closed surface X with genus g 1, and with fibre S h an oriented closed surface of genus h 2. Then the signature of the total space is equal to
where χ = σ • ρ is the monodromy map of E followed by the homology representation of
It follows, for example, that every such bundle E with h 2 has vanishing signature, because M 2 is Q-acyclic by a result of Igusa [4] (that torus bundles have vanishing signature can be seen in an elementary way).
By using the Atiyah-Singer index theorem for families Meyer derived another formula expressing the signature of a smooth oriented fibre bundle over a closed manifold X in terms of characteristic classes of flat vector bundles on X. In the special case of a surface bundle over a closed surface this leads to the following formula.
Let Γ be a flat vector bundle with structure group Sp 2h (R). The standard symplectic form ω 0 on R 2h induces a symplectic form on Γ and any compatible complex structure J on Γ turns Γ into a complex vector bundle. Let c 1 (Γ ) ∈ H 2 (X; Z) denote its first Chern class.
Theorem 2 (Meyer [5] ). Let E → X be a smooth oriented surface bundle over an oriented, closed surface X with fibre S h . Then the signature of the total space is equal to 
The aim of this paper is to give an algebro-topological proof of this last theorem, which does not use the Atiyah-Singer index theorem hidden in Theorem 2. From this and Theorem 1 of course we get a new proof for Meyer's Theorem 2. In fact a universal version of Theorem 3 will be proved.
The signature cocycle
For any topological group G let G δ be the underlying discrete group and D : BG δ → BG the continuous map of classifying spaces induced by the identity G δ → G. Let X be a compact oriented surface with boundary ∂X. Let Γ be a flat vector bundle over X with structure group Sp 2h (R). Thus the classifying map of Γ factors over D :
Then Γ is determined by the monodromy homomorphism χ :
, where π 1 (X) acts on the universal cover X of X by deck transformation and on R 2h via χ . The standard symplectic form ω 0 = 0 1 −1 0 induces a non-degenerate, antisymmetric form on Γ . Combining this form with the cup product gives a symmetric bilinear map
and by evaluation on the orientation class of X a symmetric bilinear form on H 1 (X, ∂X; Γ ). Let sign(X, ∂X; Γ ) be the signature of this bilinear form. Now let X 0 be a sphere with three open discs removed. The fundamental group π 1 (X 0 ) is a free group on two generators, so that any two elements α, β ∈ Sp 2h (R) define a homomorphism
and by this a flat symplectic vector bundle Γ α,β over X 0 . Using a triangulation of (X 0 , ∂X 0 ) Meyer [5] showed that there is an isomorphism of
and that under this isomorphism the bilinear form on
Finally let τ h be defined by
Then by cutting a sphere with four open discs removed into two copies of X 0 in two different ways and using the Novikov additivity of the signature it is easy to see, that for every α, β, γ ∈ Sp 2h (R) the equality 
Identification of the signature class
The maximal compact subgroup of Sp 2h (R) is U(h). So we can consider the first universal Chern class as an element c 1 ∈ H 2 (BSp 2h (R); Z). Let X be as in Theorem 3,
a homomorphism and Γ the associated flat vector bundle. Then c 1 (Γ ) = χ * D * c 1 . Thus to prove Theorem 3 it would be sufficient to prove
. To do this we use the results of Milnor on the Friedlander conjecture.
Proposition 1 (Milnor [7] We will use this result for the Abelian group G = U(1) and the Chevalley group G = Sp 2h (R). This proposition will enable us in Section 4 to prove the following.
Lemma 1. Let h 1 and n ∈ N. Then there is the equality
Then in fact the same is true with integer coefficients. The following theorem is our main result.
Theorem 4. In H
Proof. Let X be an oriented, closed surface with genus g 1 and χ : π 1 (X) → Sp 2h (R) δ a homomorphism. Look at the long exact cohomology sequence induced by the coefficient sequence 0 → Z n → Z → Z n → 0 for n ∈ N: 
Thus
So there is a class 
Hence to show Theorem 3 it remains to prove Lemma 1.
Proof of Lemma 1 Lemma 2. If
[τ 1 ] = 4D * c 1 in H 2 (BU(1) δ ; Z n ) then Lemma 1 is true for all h 1 in H 2 (BSp 2h (R) δ ; Z n ).
Proof. The natural inclusion
C ⊂ C h : z → (z, 0, . . ., 0) t induces an embedding ι : U(1) → U(h). Then ι * : H * (BU(h); Z) = Z[c 1 , . . . , c h ] → H * (BU(1); Z) = Z[c 1 ] is the projection ι * (c 1 ) = c 1 , ι * (c i ) = 0 for i 2. So ι induces an isomorphism H 2 BSp 2h (R); Z = H 2 BU(h); Z → H 2 BU(1); Z . Furthermore ι induces an isomorphism H 2 (BSp 2h (R); Z n ) → H 2 (BU(1); Z n ). Because of Proposition 1 this descends to an isomorphism H 2 (BSp 2h (R) δ ; Z n ) → H 2 (BU(1) δ ; Z n ).
Now looking at the explicit presentation of the cocycle τ h given by
For α, β ∈ U(1), say α = e ia , β = e ib , the vector space H α,β becomes
and x, y α,β is computed to be 
is the free Abelian group generated by tuples
Lemma 3. Let ω n := e 2πi/n . Then the class of the 2-cycle
Considering the fact that
is an isomorphism and c 1 ,
]. This will be done in two steps in Lemmas 4 and 5. Define the singular 2-cycle P n of CP 1 by
Lemma 4. The image under the map H 2 (CP
Proof. Let F * (G) be the standard resolution (cf. [1, I.5]) of Z over ZG, G := U(1). So the tuples (g 0 , . . . , g k ), g i ∈ G, build a Z-basis of F k (G) and the ZG-module structure is given
Then the Eilenberg-MacLane complex is 
